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Abstract
Let μ be a scalar measure of bounded variation on a compact metrizable abelian group G. Suppose that
μ has the property that for any measure σ whose Fourier–Stieltjes transform σˆ vanishes at ∞, the measure
μ∗σ has Radon–Nikodým derivative with respect to λ, the Haar measure on G. Then L. Pigno and S. Saeki
showed that μ itself has Radon–Nikodým derivative. Such property is not shared by vector measures in
general. We say that a Banach space X has the near differentiability property if every X-valued measure
of bounded variation shares the above property. We prove that Banach spaces with the Radon–Nikodým
property have the near differentiability property, while Banach spaces with the near differentiability prop-
erty enjoy the near Radon–Nikodým property. We also show that the Banach spaces L1[0,1] and L1/H 10
have the near differentiability property. Lastly, we show that Banach spaces with the near differentiability
property have type II-Λ-Radon–Nikodým property, whenever Λ is a Riesz subset of type 0 of Ĝ.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
The Banach space L1[0,1] plays a central role in the theory of the Radon–Nikodým property
in Banach spaces. Over the past couple of decades much work has been done on the study of
properties that are weaker than the Radon–Nikodým property and enjoyed by L1[0,1]. Two
important examples of such properties are the analytic Radon–Nikodým property of Bukhvalov
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Uhl [9]. The analytic Radon–Nikodým property can be generalized to the setting of compact
metrizable abelian groups and the so-called types I- and II-Λ-Radon–Nikodým properties can
be defined, where Λ is a subset of the dual group of a compact metrizable abelian group (see
Section 5 for details). In particular, L1[0,1] has type I-Λ-Radon–Nikodým property if and only
if Λ is a Riesz set [6]. On the other hand, the near Radon–Nikodým property of a Banach space
X is a property that is defined in terms of the representability of a class of bounded operators
from L1[0,1] into X.
The property we introduce in this paper, the near differentiability property, has the flavor
of both the near Radon–Nikodým property and type I-Λ-Radon–Nikodým property. In fact
we will prove that Banach spaces with the near differentiability property have both the near
Radon–Nikodým property and type I-Λ-Radon–Nikodým property, when Λ is a suitably small
set (a Riesz subset of type 0). However, the principal motivation for studying the near differentia-
bility property is that the near differentiability property is the vector-valued version of a property
of the scalars that was proved by Pigno and Saeki [10,11] (see also [15, p. 147]). In particular,
we will see that L1[0,1] and the quotient space L1/H 10 enjoy the near differentiability property.
Furthermore, the near differentiability property is quite a stable Banach space property; it is sep-
arably determined, it is an isomorphic invariant, it is a three-space property, and it lifts to some
tensor products (see Section 4 for the details).
2. Preliminaries
Throughout this paper, G is a compact metrizable abelian group and Ĝ its discrete dual
group. We denote by λ the normalized Haar measure on G; (̂·), the Fourier–Stieltjes transfor-
mation. The σ -field of Borel subsets of G will be denoted by B(G). For a Banach space X,
M1(G,X) (respectively M∞(G,X)) will denote the Banach space of X-valued countably ad-
ditive measures on G that are of bounded variation (respectively of bounded average range).
L1(G,X) (respectively L∞(G,X),) denotes the usual Banach space of (equivalence classes of)
λ-Bochner integrable (respectively essentially bounded) functions on G with values in the Ba-
nach space X. If X is the scalar field, thenM1(G,X), L1(G,X) and L∞(G,X), will be denoted
byM1(G), L1(G) and L∞(G), respectively. The subspace ofM1(G) consisting of scalar mea-
sures whose Fourier–Stieltjes transforms vanish at ∞ will be denoted by M0(G). A measure μ
in M1(G,X) is said to be (Bochner) differentiable if there exists a function g ∈ L1(G,X) such
that μ(A) = ∫
A
g dλ for every measurable subset A of G. In what follows, we always identify
the set of differentiable measures with L1(G,X).
A Banach space X is said to have the Radon–Nikodým property, if every X-valued λ-
continuous countably additive measure of bounded variation on G is differentiable. Although
originally defined from the point of view of measure theoretic method, it is a well-known fact
that the Radon–Nikodým property can be naturally characterized by properties of X-valued op-
erators on L1(G). Indeed, a bounded linear operator T :L1(G) → X is said to be (Bochner)
representable if there exists g ∈ L∞(G,X) such that Tf = ∫
G
fg dλ for every f ∈ L1(G). It is
then well known that a Banach space X has the Radon–Nikodým property if and only if every
bounded linear operator T :L1(G) → X is representable [4].
A property closely related to the Radon–Nikodým property is the so called near Radon–
Nikodým property. A bounded linear operator T :L1(G) → X is said to be nearly representable
if for every completely continuous operator D :L1(G) → L1(G) the composition T ◦ D is rep-
resentable. A Banach space X is said to have the near Radon–Nikodým property, if every nearly
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studied by R. Kaufman, M. Petrakis, L. Riddle, and J.J. Uhl Jr. [9]. It is apparent that this notion
was approached from the point of view of operator theoretic method. The first part of this paper
is devoted to the investigation of the possible vector measure theoretic analogue of the notion
of near Radon–Nikodým property for Banach spaces and its ramifications to the study of sub-
sets of discrete abelian groups. The motivation for our approach is the result of L. Pigno and
S. Saeki [10,11] announced in the abstract which pointed out a rather remarkable property of
scalar measures.
For a vector measure μ in M1(G,X) and a scalar measure σ in M1(G), we define the
convolution μ ∗ σ on B(G) by
μ ∗ σ(A) =
∫
G
∫
G
χA(x + y)dσ(y) dμ(x).
It is an exercise to show that μ∗σ ∈M1(G,X) and that ‖μ∗σ‖1  ‖μ‖1‖σ‖1, where ‖ · ‖1 de-
note the variation norms inM1(G,X) andM1(G). The following definition can be considered
as the measure theoretic counterpart of the notion of nearly representable operators.
Definition 1. Let G be a compact metrizable abelian group. Let μ be in M1(G,X). Then μ is
said to be nearly differentiable if for every scalar measure σ ∈M0(G) the convolution μ ∗ σ is
differentiable.
With this terminology, the result of L. Pigno and S. Saeki [10,11] can be restated as follows:
Theorem 2 (L. Pigno and S. Saeki). Every nearly differentiable scalar measure on a compact
metrizable abelian group G is differentiable.
Remark 1. The original theorem of L. Pigno and S. Saeki was actually proved for the more
general case of non-discrete locally compact abelian group G. However, for our purposes, we
only consider compact metrizable abelian groups in the sequel.
Remark 2. It should be noted that in Definition 1 we did not assume that the measure μ in
M1(G,X) is absolutely continuous with respect to normalized Haar measure λ on G. This is an
unnecessary assumption because, for each x∗ ∈ X∗, the scalar measure x∗ ◦μ is nearly differen-
tiable and so by Theorem 2, x∗ ◦ μ is differentiable. Consequently, μ is absolutely continuous
with respect to λ.
3. The near differentiability property
Simple natural adjustments to the proof show that the property of scalar measures described
in the above Theorem 2 extends to measures with values in a finite dimensional Banach space. In
general, however, we will quickly see that this property is not shared by the vector measures. That
is to say, there are indeed infinite dimensional Banach spaces X on which one can find X-valued
nearly differentiable non-differentiable measures. Such observation allows us to define a new
class of Banach spaces. Before introducing such class, we need to recall some well-known and
classical facts concerning vector-valued measures on G and vector-valued operators on L1(G).
Suppose X is a Banach space, and let T :L1(G) → X be a bounded linear operator. Then T
defines an X-valued λ-continuous measure μT by μT (A) = T (χA), for every measurable subset
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operator T is representable if and only if the associated measure μT is differentiable [4, p. 62].
On the other hand, every μ ∈M1(G,X) defines an operator Tμ :L1(G) → L1(G,X) by
Tμf = μ ∗ f , for every f ∈ L1(G). If the measure μ is λ-continuous then μ is differentiable
if and only if the associated convolution operator Tμ is representable. For a scalar measure σ,
the convolution operator Tσ associated to a measure σ is completely continuous if and only if
σ ∈M0(G) (see, for example, [4]). For connection on convolution operators with respect to
vector measures, we refer the reader to [14].
In the sequel we will make use of the following technical theorem of Kalton [8] about random
measures associated to operators from L1 into L1(μ,X) where X is a Banach space.
Theorem 3. Suppose that
(1) K is a compact metric space and λ is a Radon measure on K ;
(2) Ω is a Polish space and μ is a finite Radon measure on Ω ;
(3) X is a separable Banach space;
(4) T :L1(λ) → L1(μ,X) is a bounded operator.
Then there is a map t → μt (Ω →M1(K,X)) such that for every A Borel subset of K, the map
t → μt(A) is Borel measurable from Ω → X and
(a) for each A Borel subset of K, ∫
Ω
|μt |(A)dμ(t) ‖T ‖λ(A);
(b) if f ∈ L1(λ), then for μ-a.e. t, f ∈ L1(|μt |);
(c) Tf (t) = ∫
Ω
f dμt , μ-a.e. for every f ∈ L1(λ).
We refer to this theorem as the Kalton’s representation theorem. Finally, N. Randrianantoanina
and E. Saab [12] showed the following useful result:
Theorem 4. Under the assumptions of Theorem 3 the following are equivalent:
(1) the operator T is representable;
(2) for μ-a.e. t , μt has Bochner integrable density with respect to λ.
We are now ready to introduce our definition.
Definition 5. A Banach space X is said to have the near differentiability property if for every
compact metrizable abelian group G, every nearly differentiable measure μ ∈M1(G,X) is dif-
ferentiable.
Remark 3. If G is a compact metrizable abelian group, then B(G) is countably generated. There-
fore, the range of any μ ∈M1(G,X) is contained in a separable subspace of X. Consequently,
the near differentiability property of X is determined by the separable subspaces of X; that is, if
every separable subspace of X has near differentiability property, then X has the near differen-
tiability property.
As mentioned above in Theorem 2, the scalar field is an example of Banach space with the
near differentiability property. Our first example of infinite dimensional Banach space with the
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in the proof of the fact that L1 has the near Radon–Nikodým property [9].
Proposition 6. Let G be a compact metrizable abelian group. Then the Banach space L1(G) has
the near differentiability property.
Proof. Let μ be an element of M1(G,L1(G)) and suppose that μ is not differentiable. Then,
by a similar argument as in A. Costé’s Theorem [4], (see also [14]), the convolution op-
erator Tμ :L1(G) → L1(G,L1(G)) associated to μ is not representable. The Banach space
L1(G,L1(G)) can be identified to L1(G×G). It is known that L1(G×G) has the near Radon–
Nikodým property [9]. Repeating sine qua non the argument in the proof of the fact that L1
has the near Radon–Nikodým property in [9], one can construct a convolution operator Tσ where
σ ∈M0(G) such that TμTσ is not representable. A simple computation shows that TμTσ = Tμ∗σ .
We can therefore conclude that the measure μ is not nearly differentiable and so the proof is com-
plete. 
Let us observe that any differentiable measure is clearly nearly differentiable. Consequently,
any Banach space with the Radon–Nikodým property has the near differentiability property.
Since it is well known that L1(G) fails the Radon–Nikodým property, Proposition 6 shows that
the near differentiability property is strictly a weaker property than the Radon–Nikodým prop-
erty. On the other hand, the following theorem suggests itself.
Theorem 7. Every Banach space with the near differentiability property has the near Radon–
Nikodým property.
Proof. Suppose X is a Banach space with the near differentiability property. Let T :L1(G) → X
be a nearly representable operator. We want to show that T is representable. As mentioned in the
preliminaries, it suffices to show that the naturally associated measure μT is differentiable. Thus
the proof is complete if we show that μT is nearly differentiable. To this end, fix σ ∈M0(G).
For every measurable subset A of G, we have
μT ∗ σ(A) =
∫
G
∫
G
χA(x + y)dσ(y) dμT (x) = T TσχA, (∗)
where σ is the scalar measure defined by σ(A) = σ(−A) for every A ∈ B(G). Since clearly
σˆ vanishes at infinity, the convolution operator Tσ is completely continuous and therefore our
hypothesis on the operator T ensures that T Tσ is representable. It follows that the measure
μT ∗ σ is differentiable. This completes the proof. 
As a corollary we see that c0 (and consequently any Banach space containing isomorphic copy
of c0), since it fails the near Radon–Nikodým property, is an example of a Banach space failing
the near differentiability property. At this moment, we do not know if the converse of Theorem 7
holds.
Theorem 8. The Banach space L1/H 10 has the near differentiability property.
Proof. Let μ :B(G) → L1/H 10 be a nearly differentiable measure of bounded variation. First
note that μ is absolutely continuous with respect to (normalized) Haar measure λ on G. Applying
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such that
⋃∞
n=1 En = G and
(n − 1)λ(A ∩ En) |μ|(A ∩ En) nλ(A ∩ En) for all A ∈ B(G).
For each n 1, define μn :B(G) → L1/H 10 by
μn(A) = μ(A ∩ En) for all A ∈ B(G).
The measure μn is of bounded average range, so μn corresponds to a bounded linear operator
Tn :L
1 → L1/H 10 (i.e., for all B ∈ B(G), define Tn(χB) = μn(B) and extend Tn linearly). By
a result of Ghoussoub and Rosenthal [7, Proposition V.2., p. 330], there exists a bounded linear
operator Rn :L1 → L1 with ‖Rn‖ 2‖Tn‖ and q(Rn) = Tn, where q is the natural quotient map
from L1 to L1/H 10 . For each n  1, define measures νn :B(G) → L1 by νn(B) = Rn(χB), for
all B ∈ B(G). Now define ν on B(G) by
ν(B) =
∞∑
n=1
νn(B) for all B ∈ B(G).
We claim that ν is an L1-valued measure of bounded variation with q(ν(B)) = μ(B) for all
B ∈ B(G). Firstly,
|ν|(G)
∞∑
n=1
|νn|(G)
∞∑
n=1
2|μn|(G) = 2
∞∑
n=1
|μn|(En) = 2|μ|
( ∞⋃
n=1
En
)
= 2|μ|(G)<∞.
Secondly, for B ∈ B(G) we have
q
(
ν(B)
)= q( ∞∑
n=1
νn(B)
)
=
∞∑
n=1
q
(
νn(B)
)= ∞∑
n=1
μn(B) =
∞∑
n=1
μ(B ∩ En) = μ(B).
This proves the claim.
Suppose that σ ∈ M0(G). It is easily seen that q(ν ∗ σ) = q(ν) ∗ σ = μ ∗ σ . Since μ is a
nearly differentiable measure, μ∗σ is differentiable and consequently, q(ν ∗σ) is differentiable.
By an argument very similar to the proof of a theorem of Edgar (see [4, p. 211]), one sees that the
measure ν ∗ σ is differentiable. This means that ν is a nearly differentiable measure. Therefore,
since L1 has the near differentiability property, the measure ν is differentiable. It follows that the
measure μ = q(ν) is also differentiable. This completes the proof. 
Remark 4. It should be noted that Theorem 8 can be extended to other settings. The ingredi-
ents used in the proof of Theorem 8 are that H 10 has the Radon–Nikodým property, H 10 is a
weak∗-closed subspace of the space of measures on the unit circle T, and L1(T) has the near
differentiability property. In particular, if R is a reflexive subspace of L1, then L1/R has the near
differentiability property. Furthermore, an easy modification of the proof of Theorem 8 yields
the following result, the proof of which we omit.
Corollary 9. Let X be a dual Banach space with the near differentiability property and let Y be
a weak∗-closed subspace of X which also has the Radon–Nikodým property. Then the quotient
space, X/Y , has the near differentiability property.
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In this section, we attempt to investigate other possible classes of Banach spaces which share
the near differentiability property. First we recall that a Banach space X is said to be semi-embed
in a Banach space Y if there exists a bounded one-to-one operator S :X → Y such that the image
of the closed unit ball of X is closed in Y . In [1], J. Bourgain and H.P. Rosenthal showed that if a
separable Banach space X semi-embeds in a Banach space with the Radon–Nikodým property,
then X itself has the Radon–Nikodým property (actually, they attribute this result to F. Delbaen).
This proof of this result has been modified by Randrianantoanina and Saab [12, Proposition 3].
This modification of Randrianantoanina and Saab can be readily seen to give us the following
result.
Theorem 10. Let Y be a Banach space with near differentiability property and let X be a sepa-
rable Banach space that semi-embeds in Y . Then X has the near differentiability property.
Let S denote the Ghoussoub–Rosenthal class of Banach spaces [7], that is, the class of separa-
ble Banach spaces closed under semi-embedding and containing L1. In light of the above result,
one sees that the class of Banach spaces with the near differentiability property is large enough
to contain those Banach spaces whose separable subspaces are in S.
Another stability problem for Banach spaces is to ask whether a certain property passes from a
Banach space X to the Bochner integrable function space L1([0,1],X). While we would expect
that the near differentiability property lifts from X to the function space L1([0,1],X), we can
only prove the following special case.
Theorem 11. The Banach space L1([0,1],X) has the near differentiability property whenever
the Banach space X has the Radon–Nikodým property.
Proof. Suppose X has the Radon–Nikodým property. To show that L1([0,1],X) has the near
differentiability property, it suffices to show that each of its separable subspaces have the near
differentiability property. Consequently, we may assume that X is separable.
Let G be a compact metrizable abelian group and let μ be an L1([0,1],X)-valued nearly
differentiable measure on B(G). We want to show that μ is a differentiable measure. To do this, it
suffices to show the associated convolution operator Tμ :L1(G) → L1(G,L1([0,1],X)), defined
by Tμ(f ) = μ ∗ f, is representable [13, Theorem 71]. For each x∗ ∈ X∗ consider the L1[0,1]-
valued measure μx∗ defined by μx∗(A)(t) = 〈μ(A)(t), x∗〉 for every measurable subset A of G.
We claim that μx∗ is differentiable. Simple computation shows that for each σ ∈M0(G) one has
μx
∗ ∗ σ = (x∗μ) ∗ σ = x∗(μ ∗ σ). It follows that the measure μx∗ is nearly differentiable. Since
L1[0,1] has the near differentiability property (Proposition 6), we then see that the measure μx∗
is in fact differentiable as claimed.
On the other hand, since the Banach space L1(G,L1([0,1],X)) is isometrically isomor-
phic to L1(G × [0,1],X), we may consider the convolution operator Tμ as an operator into
L1(G × [0,1],X). Let t → νt (G × [0,1] →M1(G,X)) be the random measure given by the
Kalton representation theorem (Theorem 3). Let (x∗n) be a countable dense subset of X∗. For
each n ∈ N, the map t → x∗n ◦ νt (G × [0,1] →M1(G)) is Borel measurable and defines an
operator T x∗n :L1(G) → L1(G × [0,1]) by(
T x
∗
n f
)
(t) =
∫
f (ω)d
(
x∗n ◦ νt
)
(ω), for all f ∈ L1(G).G
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μx
∗
n
where T
μx
∗
n
is the convolution operator associated to μx∗n . It then
follows from our previous claim that T x∗n is representable and therefore for a.e. t ∈ G × [0,1],
we get by Theorem 4 that x∗nνt has a Bochner integrable derivative with respect to λ, and in
particular, x∗nνt is absolutely continuous with respect to λ for a.e. t ∈ G × [0,1]. Consequently,
νt is absolutely continuous with respect to λ for a.e. t ∈ G×[0,1]. Now, since X has the Radon–
Nikodým property νt is differentiable with respect to λ for a.e. t ∈ G × [0,1]. An appeal to
Theorem 4 now finishes the proof. 
Of course, the obvious question arising from Theorem 11 is: does L1([0,1],X) have the near
differentiability property whenever X has the near differentiability property?
Let X be a Banach space. A Schauder decomposition of X is a sequence (Xn)∞n=1 of non-
trivial closed subspaces of X such that every x ∈ X can be expressed uniquely in the form x =∑∞
n=1 xn, where xn ∈ Xn for every n ∈ N. A Schauder decomposition (Xn)∞n=1 is boundedly
complete if, whenever (
∑m
n=1 xn)∞m=1 is a bounded sequence with xn ∈ Xn for every n ∈ N, then∑∞
n=1 xn converges.
The proof of the following theorem follows directly from [2, Theorem 4].
Theorem 12. Let X be a Banach space having a boundedly complete Schauder decomposition
(Xn)
∞
n=1. Then X has near differentiability property if each Xn, n ∈ N, has the near differentia-
bility property.
An immediate consequence of this theorem that follows from the techniques developed in [2]
is the following stability result for projective tensor products of Banach spaces.
Corollary 13. Let U be a Banach space with an unconditional basis and X a Banach space.
Then U ⊗ˆ X, the projective tensor product of U and X, has the near differentiability property if
and only if U and X have the near differentiability property.
In [9], the authors show that the near Radon–Nikodým property is a “three-space property.”
We also show that the near differentiability property is a three-space property. Moreover, our
proof can easily be seen to provide yet another proof of the fact that the Radon–Nikodým property
is a three-space property.
Theorem 14. Let X be a Banach space and let Y a closed subspace of X. Suppose that both Y
and X/Y have the near differentiability property. Then X has the near differentiability property.
Proof. Let G be a compact abelian metrizable group. Let μ be an X-valued measure on B(G)
which is nearly differentiable. Define an operator T :C(G) → X by
T (f ) =
∫
G
f dμ, for all f ∈ C(G).
Let σ ∈ M0(G) and define Tσ :C(G) → C(G) by Tσ (f ) = σ ∗ f , for all f ∈ C(G). Note that
the operator T Tσ from C(G) to X can be written as
T Tσ (f ) =
∫
f d(μ ∗ σ), for all f ∈ C(G).
G
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nearly differentiable. Therefore, by [4, the proof of Theorem 4, p. 173], T Tσ is nuclear. Let
q :X → X/Y be the natural quotient mapping. Note that the operator qT is nuclear because its
representing measure is q(μ), and q(μ) is differentiable because it is near differentiable and X/Y
has the near differentiability property. Hence there are operators R :C(G) → 	∞, λ :	∞ → 	1
and S :	1 → X/Y , such that λ is nuclear and qT = SλR [4, p. 170]. Since q is onto, by the lifting
property of 	1, there exists a bounded linear operator S˜ :	1 → X such that S = qS˜. Consequently,
we have the following commutative diagram:
C(G)
Tσ
C(G)
R
T
X
q
X/Y
	∞ λ 	1.
S˜
S
Note that q(T − S˜λR) = qT − qS˜λR = qT − SλR = 0. Thus the operator U = T − S˜λR
maps C(G) into Y . For each σ ∈ M0(G), the operator UTσ = T Tσ − S˜λRTσ is nuclear, since
T Tσ is nuclear and S˜λRTσ is nuclear because λ is nuclear. If ν is the representing measure for U ,
then ν ∗σ is the representing measure for UTσ , for each σ ∈ M0(G). Hence ν ∗σ is differentiable
for each σ ∈ M0(G), and since Y has the near differentiability property, ν is differentiable. This
in turn means that U is nuclear. Thus the operator T = U + S˜λR is nuclear, so its representing
measure, μ, is differentiable. This completes the proof. 
5. Near differentiability property and Radon–Nikodým types
We first recall two other properties of Banach spaces closely related to the Radon–Nikodým
property: the so-called Radon–Nikodým property types. A Banach space X is said to have
type I-Λ-Radon–Nikodým property (respectively II-Λ-Radon–Nikodým property) [5] if every
μ ∈M∞(G,X) (respectively μ ∈M1(G,X) and μ  λ) satisfying μˆ(γ ) = 0 for γ /∈ Λ is
differentiable.
Recall that a subset Λ of Ĝ is said to be a Riesz set of type 0 if for every measure σ ∈M0(G),
there exists a function ϕ ∈ L1(G) such that σˆ (γ ) = ϕˆ(γ ) for every γ ∈ Λ; that is, M0(G)̂|Λ =
L1(G)̂|Λ. It is easily seen that Sidon sets are Riesz sets of type 0, and that Riesz sets of type 0
are Riesz sets [11].
Theorem 15. Let G be a compact metrizable abelian group. Then every Banach space with the
near differentiability property has type II-Λ-Radon–Nikodým property, whenever Λ is a Riesz
subset of type 0 of Ĝ.
Proof. Let μ ∈M1(G,X) be a λ-continuous X-valued measure satisfying μˆ(γ ) = 0 for γ /∈ Λ.
We want to show that μ is differentiable. Since X has near differentiability property, the proof
will be complete if we show that μ is nearly differentiable. To see this, consider σ ∈M0(G).
Since Λ is a Riesz set of type 0, there exists ϕ ∈ L1(G) such that σˆ (γ ) = ϕˆ(γ ) for every γ ∈ Λ.
Thus it follows that
̂(μ ∗ σ)(γ ) = μˆ(γ )σˆ (γ ) = μˆ(γ )ϕˆ(γ ) = (̂μ ∗ ϕ)(γ )
for γ ∈ Ĝ, and hence μ∗σ = μ∗ϕ ∈ L1(G,X); that is, μ is nearly differentiable. This completes
the proof. 
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sets. The way to see this is to note that since L1[0,1] has the near differentiability property,
L1[0,1] has type II-Λ-Radon–Nikodým property, whenever Λ is a Riesz subset of type 0 of Ĝ.
A result of Edgar [6] now shows that Λ is a Riesz set.
For every Λ ⊂ Ĝ, if we denote
M1Λ(G,X) =
{
μ ∈M1(G,X): μˆ(γ ) = 0 for γ /∈ Λ},
it is apparent that the above proof essentially contains the following fact.
Proposition 16. Let G be a compact metrizable abelian group. Let Λ ⊂ Ĝ be a Riesz set of
type 0. For any Banach space X, every X-valued Λ-measure is nearly differentiable; that is,
M1Λ(G,X) ∗M0(G) ⊂ L1Λ(G,X).
Our next result may be regarded as of independent interest.
Theorem 17. Let G be a compact metrizable abelian group. Let X be a Banach space with the
near differentiability property. Let Λ ⊂ Ĝ be a Riesz set of type 0 and let μ ∈M1(G,X) be a
λ-continuous measure. Then
μ ∗M1
Ĝ\Λ(G) ⊂ L1(G,X) ⇒ μ ∈ L1(G,X).
Proof. Let μ ∈M1(G,X) be λ-continuous and such that μ ∗M1
Ĝ\Λ(G) ⊂ L1(G,X). Since X
has the near differentiability property, we are done if we show that μ is nearly differentiable. To
see this, let σ ∈M0(G). Our assumption on Λ alerts us that there exists an integrable function
ϕ ∈ L1(G) such that σˆ (γ ) = ϕˆ(γ ) for γ ∈ Λ. It follows that the measure σ −ϕ ·λ ∈M1
Ĝ\Λ(G).
Therefore by our assumption, there exists f ∈ L1(G,X) such that μ ∗ (σ − ϕ · λ) = f · λ. Thus
μ ∗ σ = μ ∗ ϕ + f · λ ∈ L1(G,X) and hence, since X has the near differentiability property,
μ ∈ L1(G,X). This completes the proof. 
Straightforward adjustment of the above proof yields the following property of scalar mea-
sures.
Corollary 18. Let G be a compact metrizable abelian group. A measure μ ∈ M1(G) is
λ-absolutely continuous whenever the measure μ ∗ σ is λ-absolutely continuous, for every
σ ∈M1
Ĝ\Λ(G), where Λ is a Riesz subset of type 0 of Ĝ.
Let us notice that for Λ = Ĝ, the type II-Λ-Radon–Nikodým property coincides with the
usual Radon–Nikodým property. Thus the result of Proposition 17 also suggests the following:
Corollary 19. Let G be a compact metrizable abelian group. Then a Banach space X with the
near differentiability property has the Radon–Nikodým property whenever it has type II-(G\Λ)-
Radon–Nikodým property, for some Λ Riesz subset of type 0 of Ĝ.
Proof. Let μ ∈ M1(G,X) be a λ-continuous measure. Then one has μ ∗ M1
Ĝ\Λ(G) ⊂
M1̂ (G,X). Since X has type II-(G \ Λ)-Radon–Nikodým property, M1̂ (G,X) ⊂G\Λ G\Λ
1310 P.N. Dowling, M.A. Robdera / J. Math. Anal. Appl. 323 (2006) 1300–1310L1(G,X), the result of Theorem 17 applies and implies that μ ∈ L1(G,X). This completes
the proof. 
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